We present an experimental study of energy transfer in a thermal vapor of atomic rubidium. We measure the fluorescence spectrum in the visible and near infra-red as a function of atomic density using confocal microscopy. At low density we observe energy transfer consistent with the well-known energy pooling process. In contrast, above a critical density we observe a dramatic enhancement of the fluorescence from high-lying states that is not to be expected from kinetic theory. We show that the density threshold for excitation on the D1 and D2 resonance line corresponds to the value at which the dipole-dipole interactions begins to dominate, thereby indicate the key role of these interactions in the enhanced emission. [15] . Some of these applications [10, [16] [17] [18] [19] , and the miniaturization of others, require relatively high atomic densities where dipole-dipole effects become important. Consequences of dipole-dipole interactions include self-broadening (see [20] and references therein), level shifts such as the Lorentz shift [21, 22] , cooperative Lamb shift [22] , determining the maximum refractive index in a gas [23] and intrinsic optical bistability [24] . Although these phenomena have been studied extensively the system is sufficiently rich and complex that there are surprises still to be uncovered. The dipole-dipole interaction is also important in other contexts such as non-radiative energy transfer [25] and field enhancement in nanoplasmonics [26] . One well-known phenomenon in alkali-metal vapors is energy pooling, which arises when two optically-excited atoms collide inelastically, resulting in energy transfer to states with higher energy. Energy-pooling collisions have been studied extensively in sodium [27, 28] , potassium, [29, 30] , rubidium [31] [32] [33] [34] [35] [36] [37] [38] and cesium [39] [40] [41] [42] [43] [44] [45] and play an important role in frequency conversion schemes [10] .
Thermal alkali atom vapors are finding an ever increasing range of applications including atomic clocks [1] , magnetometry [2] , electrometry [3, 4] , quantum entanglement [5] and memory [6] , slow light [7] , highpower lasers [8, 9] , frequency-up conversion [10] , narrowband filtering [11] , optical isolators [12, 13] , determination of fundamental constants [14] and microwave imaging [15] . Some of these applications [10, [16] [17] [18] [19] , and the miniaturization of others, require relatively high atomic densities where dipole-dipole effects become important. Consequences of dipole-dipole interactions include self-broadening (see [20] and references therein), level shifts such as the Lorentz shift [21, 22] , cooperative Lamb shift [22] , determining the maximum refractive index in a gas [23] and intrinsic optical bistability [24] . Although these phenomena have been studied extensively the system is sufficiently rich and complex that there are surprises still to be uncovered. The dipole-dipole interaction is also important in other contexts such as non-radiative energy transfer [25] and field enhancement in nanoplasmonics [26] . One well-known phenomenon in alkali-metal vapors is energy pooling, which arises when two optically-excited atoms collide inelastically, resulting in energy transfer to states with higher energy. Energy-pooling collisions have been studied extensively in sodium [27, 28] , potassium, [29, 30] , rubidium [31] [32] [33] [34] [35] [36] [37] [38] and cesium [39] [40] [41] [42] [43] [44] [45] and play an important role in frequency conversion schemes [10] .
In this letter we report an enhancement of energy transfer in Rb vapor greatly exceeding that expected from energy pooling. We study the evolution of the frequency up-converted fluorescence from highly-excited atoms driven on a resonance line with natural linewidth Γ. We show that energy transfer only occurs beyond a threshold density of the order of N c at which the dipole-dipole interaction becomes comparable to the natural broadening. We define the critical density, N c , as N c = Γ/β, where β is the dipole-dipole induced selfbroadening parameter [20, 46] . For resonance lines with lower and upper state degeneracies g a and g b the critical number density is N c = k 87 Rb). The Pyrex vapor cell was contained in an oven with the same design as in [20] . Beam widths of 1/e 2 radius 5.9 ± 0.1 µm and 6.6 ± 0.2 µm, with beam powers of 60 mW and 80 mW, gave maximum beam intensities of 1.1 × 10 5 Wcm −2 and 1.2 × 10 5 Wcm −2 for the D 1 and D 2 lines, respectively. In one experiment we used confocal microscopy to image the fluorescence onto a broadband multi-mode fiber connected to a spectrometer, and in the other experiment we used side imaging to FIG. 1. Schematic of the confocal microscopy and side imaging experiments. A linear strong-probe (SP) beam resonant with either the D1 or D2 lines transmitted by a polarizing beam splitter (PBS) is sent through a 2 mm thermal Rb vapor cell. For confocal microscopy, a lens (L) is used to image the fluorescence onto a broadband multi-mode fiber connected to a spectrometer (S). For side imaging, a blue bandpass filter (BF) is used to select the blue fluorescence from the cell, which is then incident on a photodiode (PD). A weak-probe (WP) beam is used to measure the atomic density as a function of the oven temperature. The inset shows a photograph of the fluorescence seen with a single input color. collect blue fluoresence. The spectrometer has a bandwidth of ∼ 700 nm over the visible and near infra-red, with a FWHM resolution of ∼ 1.5 nm. It is evident that the observed spectrum requires population of excited states which cannot be accessed energetically from the sum of two resonant D-line photons. From table II and Fig. 6 of the supplemental material we see that energy pooling can explain the origin of only some of the lines: the energy defect ∆E between the initial and final pair states can be compensated kinematically. By contrast the energy defect for excited states responsible for the majority of the lines are significantly larger than k B T ; two colliding optically excited 5 2 P 3/2 or 5 2 P 1/2 atoms are unlikely to gain enough energy from translational motion to populate these high-lying states. There must be another mechanism for populating these excited states; below we provide evidence that there is cooperative enhancement with dipole-dipole interactions playing a key role.
We can eliminate the possibility of mechanisms such as ionization or plasma formation by investigating the spectral dependence of the blue light (420 nm 6 2 P 3/2 → 5 2 S 1/2 and 422 nm 6 2 P 1/2 → 5 2 S 1/2 , line a Fig.2 ). The cell heater allows optical access from the side (see Fig. 1 ) which we used to image the illuminated atoms along the length of the cell. A lens collimated the fluorescence onto a calibrated photodiode that has large gain over the visible regions. A bandpass filter before the photodiode eliminated all other colors. The excitation laser was scanned over the Rb D 2 line, and we used hyperfine/saturated absorption spectroscopy [48] to calibrate the detuning. a very sudden and dramatic change in the fluorescence. The production of blue light for the lowest density can be explained by the process of energy pooling: two excited (5 2 P 3/2 ) atoms can produce a 5 2 S 1/2 atom and a 5 2 D 3/2,5/2 atom with a positive energy defect. At 163 • C there is enough thermal kinetic energy (at 163
• C k B T = 9.1 THz) to compensate for the defect and populate 5 2 D 3/2,5/2 states; these then decay to 6 2 P 1/2 from where the blue light is emitted.
In order to understand the width of the spectral features we calculated theoretical optical depth curves using the susceptibility model of [20, 49] , with a length scale of 15 µm. This length scale was extracted from a fit to Fig. 3(b) and is fixed for the other data set. The solid grey lines in Fig. 3(b) and (c) have a Doppler width of 2kv; we see no evidence for the medium having become a hot plasma, nor other possible population transfer mechanisms such as multi-photon ionization or dimer formation. The solid blue line in Fig. 3(c) has a Doppler width of kv. For this number density for the and (c) show the normalized measured fluorescence for the 422 nm (blue), 630 nm (orange) and 728 nm (red) transitions, respectively. For (a) the state can be accessed via the energy-pooling process with a positive energy defect. We observe a monotonic increase in fluorescence as a function of density. For (b) and (c) the population of the excited state via energy pooling is kinematically suppressed as the energy defect is far larger than the collisional energy. No signal is seen from these two lines until a dramatic turn on when the number density reaches a threshold ∼ 2.5 Nc for both D2 and D1 lines. The experimental uncertainties are approximately the size of the markers.
Rb transition we observe enhanced blue fluorescence. Taken together experiment and theory show a clear narrowing of the spectral dependence in the enhanced regime. These observations cannot be explained by energy pooling and require a different mechanism. The four spectral lines lines are enhanced at different densities owing to the different isotopic abundances and state degeneracies for the transitions. Also note that for higher temperatures and densities radiation trapping is clearly visible on resonance.
A full analysis of the blue-light generation is complicated by the fact that there is more that one mechanism which can populate the 6 2 P states, and the medium is optically thick to blue light at the densities of interest. So, to isolate the cooperative mechanism we study the threshold behavior of spectral lines which do not originate from energy pooling. These experiments illustrate the role of resonant dipole-dipole interactions in populating high-lying excited states. Fig. 4 shows the normalized fluorescence as a function of the ratio of number density to the critical number density for resonant D 1 and D 2 excitation of 85 Rb. We centered the frequencies on the F = 3 → F ′ transitions of 85 Rb for the D 1 and D 2 lines. For each measured value of the number density we extract an uncertainty from a least-squares fit using absolute absorption spectroscopy [20] . Panel (a) shows 2 P 3/2 ) and 728 nm (7 2 S 1/2 → 5 2 P 1/2 ) transitions, respectively. Below the threshold density blue light can be produced via energy pooling. By contrast no fluorescence is measured for the 630 nm and 728 nm transitions within the sensitivity of our detector. The energy defect for these high-n transitions is too large for energy-pooling processes to be responsible for state transfer (table II of the supplemental material). However fluorescence from these lines shows a dramatic increase for densities higher than a threshold number density for both D 1 and D 2 excitation. The threshold is ∼ 2.5 N c for both D 2 and D 1 lines. Recall that the ratio of N c for D 1 to D 2 lines is 1.33. We see similar behavior for other lines arising from high-lying states with the enhancement always occurring at the same threshold density. These results highlight the importance of the critical density (and thus dipole-dipole interactions) for enhanced population transfer. Note that at N /N c = 1 the atoms within the thermal vapor are separated by a distance ∼ λ/2π for the D lines. However, at this separation the resonant dipole-dipole interactions are ∼ Γ/2π, orders of magnitude smaller than the THz shifts needed to populate the high-lying states. We now provide a plausible explanation for the dramatic enhancement of the population of high-lying states.
We use a semi-classical model presented in [50] to calculate the total electric field midway between two atoms coupled by the resonant dipole-dipole interaction. Fig. 5 shows the intensity as a function of separation (correspondingly number density). For separations of R < λ/2π we observe a dramatic enhancement in the total electric field analogous to field enhancement inside a resonant cavity. The threshold behavior of the enhancement of the dipole-dipole interactions suggests a cooperative mechanism for the energy transfer observed in our experiment. In summary, we have extended the previous experimental studies of state transfer in alkali-metal vapors to higher density and to include higher-lying states. For blue-light production low-density transfer arises due to the well-known energy-pooling effect with collisions between two identical atoms, in their first excited states. Analysis of the blue fluorescence indicates a single-atom emission in the enhanced regime. We have observed enhancement of energy transfer for higher densities and attribute this to resonant dipole-dipole interactions in the cooperative regime. Above a threshold density we observed pronounced fluorescence from excited states which are not populated by energy pooling. This threshold density occurs when the dipole-dipole interaction becomes comparable to the natural linewidth for both D 1 and D 2 excitation. Beyond threshold there is a dramatic enhancement of the field trapped between two dipoles. These observations open interesting prospects for exploiting dipole-dipole enhanced fields in non-linear and quantum optics, for example in realizing a heralded twophoton source [51] .
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Supplemental Material Energy levels

Potential Energy Curves
The description of the energy pooling process depends on the calculation of dipole-dipole interactions. This can be achieved using an effective Hamiltonian method, where the Born-Oppenheimer potential curves are given by diagonalizing the matrix, H pq = δ pq ǫ p + V pq . The pair state energies, ǫ p , are given by the sum of the energies of the individual atomic states at infinite separation and the off-diagonal terms are given by
where p and q are state labels, p i |r i |q i corresponds to the radial dipole matrix element for atom i, R is the internuclear distance between the atoms and D 11 is a state-dependent angular factor given in [53] . The damping function, f (R), accounts for the overlapping wavefunctions of the two electron clouds (ignoring exchange effects) given by [54] f (R) = 1 − exp
where γ is the repulsive range parameter. The value of γ is estimated for excited states by scaling the LeRoy radius, R LR = 2( r
1/2 ), such that the ground state value matches the value given in [55] . The radial dipole matrix elements are taken from precision calculations in the literature [56] , and supplemented using Coulomb wavefunctions [57] where literature values are unavailable. Fig. 6 shows the potential energy curves of Rb around the induced 5 2 P J + 5 2 P J ′ curves and resonant 5 2 P J ′ + 5 2 S 1/2 curves at close separation. Energy pooling arises from Landau-Zener type transitions between potential curves at avoided crossings.
Kinetic Theory
In an ideal gas at thermal equilibrium, the probability density for a single particle to have a (non-relativistic) speed, is given by the well known Maxwell-Boltzmann distribution [58] . However, for two particle collisions the distribution of relative speeds v is a more useful quantity. We can reduce this two-body problem to an effective one-body problem by simply replacing the mass m of the individual particles with the reduced mass µ = m/2. From the Maxwell-Boltzmann distribution we find
where k B is the Boltzmann constant and T is the absolute temperature. When considering whether certain inelastic collisions are allowed by energy conservation, we want to compare the total energy before and after. This is most convenient in the center of mass (CM) frame since the momentum sums to zero and so no energy is required to be carried away by kinetic energy after the process. Since the center of mass lies equidistant between the two particles of equal mass, we can immediately see that the speed of two colliding particles of equal mass should be u
are the CM frame speeds of particle 1 and 2, respectively. From this we can derive an expression for the total kinetic energy, E, in 2 P 3/2 + 5 2 P 3/2 resonance at close separation. These resonances were calculated with a basis set of 500 states, including the ionic state curves. The inset shows the two regimes of interest for state energy transfer. In the low density regime energy pooling between two identical atoms in their first excited terms is the main process. In the high density regime cooperative transfer for atoms in superpositions of the ground and excited terms is the dominant mechanism. TABLE I. Wavelengths and frequencies of the measured and calculated fluorescence as a consequence of the energy transfer in a thermal Rb vapor. Each transition or group of transitions are assigned a label associated with the lines in Fig. 2 the center of mass frame,
We now make use of the result from probability theory [59] 
where y is some function of the random variable x and f y and f x are the independent probability distributions of y and x, respectively. Eq. (5), along with eq. (3), allows us to arrive at the result
Integrating Eq. 6 with limits of E equal to the threshold energy ∆E and infinity, will give the fraction of all collisions ∆F that have at least ∆E kinetic energy in the CM frame,
where erfc denotes the complementary error function [59] . Fig. 7 shows the two particle kinetic energy distribution and the fraction of collisions as a function of threshold energy in terms of THz and k B T (at 200
• C). The solid (black) crosses are the theoretical fraction of collisions calculated using Eq. (7) and the energy de- Fig. 2 of the main paper where the 5 2 D 3/2 state has been normalized to one. In the inset the solid (blue) line shows the two particle energy distribution calculated using Eq. (6) at 200
• C. In table II we list pair interactions for two excited Rb atoms, highlighting the energy required in terms of THz and k B T (at 200
• C = 9.86 THz) to reach the high-lying n states. The fraction of collisions with enough energy, ∆F, are also shown. At any given moment in a gas, the constituent particles will have varying distances to their nearest neighbor. This is the case even if the overall number density, N is constant. Assuming particles are placed randomly and are non-interacting, we get the following probability distribution for the distance, R, to the nearest neighbor [60] ,
The mean of this distribution is approximately at 5 9 N −1/3 [60] .
